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Abstract
This paper presents the development of a new set of magnitude, phase, and
comprehensive error measures.  These error measures can be used to evaluate the
differences between two general functions, or test and analytical data, by providing a
robust means for quantifying the difference in magnitude, the phasing, and overall error
between the functions.  The error factors are on the same relative scale and will be shown
to have specific physical interpretations.  The phase and magnitude error factors can also
be used to facilitate the identification of common discrepancies.  (This work was
performed under DTRA Contract No. DTRA001-94-C-004, UCB Subcontract - Purchase
Order No. BS0045773.)

INTRODUCTION
Quantifying how well a calculated transient response compares to a measured response is a very subjective task.
These evaluations are often referred to as a point-to-point comparison.  [The term point-to-point comparison implies
two distinct points.  Because one is generally looking at a single point in space, it is more appropriate to refer to
these evaluations as point comparisons.]  Numerous error measures[1-5] have been developed over the years for
quantifying the error, or correlation, between the two sets of transient data.  Each of these error measures have
various benefits and deficiencies.  A discussion and comparisons of these error measures will be made in Part II of
this paper.  This part of the paper will focus on the development of yet another set of error measures, which
addresses some of the issues identified with the existing error measures.

Biasing an error measure towards one set of data is a primary issue that must be addressed.  Biasing is a result of
assuming that one set of data is absolutely correct, or true, while the other set is the estimation or prediction.  For
example, if one is comparing test and analytical data, it is not necessarily true that the test data is 100% correct, and
therefore the error measure could be biased towards (partially) incorrect data.  This is especially true for shock trials
test data, which is generally less reliable and repeatable than the data obtained from a precision test.  Biasing is less
of an issue when the biased error measure is used by, and presented to, cognizant personnel with a complete
understanding of how to interpret the results.  The problem is that in reality this usually is not the case.  Biasing is
also less of an issue when evaluating a single point.  However, when numerous points are being examined to evaluate
the overall correlation between an analytical prediction and a test, it is a common practice to perform statistical
evaluations on the set of error measures.  In general, basic statistical evaluations, like computing the averaging and
standard deviation, are not valid for biased numbers.

Other common deficiencies, or issues, with existing error factors include; 1) the value may not be well bounded and
therefore may make it more difficult to evaluate and compare results, 2) the physical interpretation of the results may
not be well understood or intuitive, 3) the degree of error may not be correctly identified, e.g. an increase in error
may not increase the value of the error measure, 4) the results can not be used to identify the cause of the error, e.g.
magnitude and phase discrepancies, and 5) the basis for the error factor itself may not be well understood, which can
lead to false interpretations of the results.  It is believed that the error factors developed in this paper address and
resolve these issues.
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One feature of specific interest in developing these error measures is that the resulting error factors must not be
biased towards either transient response, and are therefore suitable for statistical evaluations of multiple point
systems.  The ability to identify and characterize the differences between two time histories is also one feature which
was considered to be essential in developing this new set of error factors.  For this reason the error factors developed
in this paper follow the general philosophy of the Geers’ Error Factors,[2,3] featuring separate magnitude and phase
error factors which are combined to form a single comprehensive error factor.

In the following section a magnitude error factor is derived which is unbiased and independent of any phase shift
between the transient responses, and a phase error factor is derived which is independent from the magnitudes of the
data.  The magnitude and phase error factors are defined so that they are on roughly the same scale, for an order of
magnitude difference in the amplitude of the responses.  These error factors are then combined to form a single
comprehensive error factor.  This is done in a manner which keeps all three errors factors on roughly the same scale
over a wide range of discrepancies, from where two responses are identical to when they are completely out of phase
and there is one order of magnitude difference between their amplitudes.

This derivation is followed by simple examples to illustrate the utility and relationship of the error factors.  A brief
discussion on the interpretation of the error factors and how they can be used to identify common discrepancies in
data evaluation, is also presented.  It will be shown that the error factors developed in this paper will provide a robust
means for quantifying the phasing, difference in magnitude, and overall error between two functions, or sets of data.
Case studies comparing these error measures and other error measures, including numerous examples, will be
presented in Part II of this paper.

DERIVATION OF THE ERROR FACTORS
This section derives a set of error factors for comparing two sets of digitized transient response data.  (There is a full
analog equivalent for comparing two functions, but, for brevity this paper will be limited to the final digital
implementation.)  This derivation includes a measure of the phasing and the difference in magnitude between two
responses as well as a comprehensive error factor, to quantify the overall error. Although an implementation of the
error factors for unequal time steps is possible, the digital implementation presented here assumes that the data is for
a constant time step, and that the time indices of each of the data vectors correspond.

The foundation for developing the error measures is to first describe the data in terms of a magnitude and a unit
vector.  A vector of transient data, f

�

, of length of N can be expressed as,

φφφφ̂s=f
�

(1)

where, φφφφ̂  is the unit vector of the transient response, and the scalar magnitude of the data, s, is defined by,

�
=

=
N

i
is

1

2)f(  (2)

The unit vector is then simply computed as,

sf
�

=φφφφ̂ (3)

Equations (2) and (3) are the basis equations for deriving the magnitude and phase error measures, respectively.
These error factors are derived and combined to form a single comprehensive error factor in the following
subsections.

Relative Magnitude Error
The relative magnitude error is defined to be the difference of the relative magnitudes between two vectors.  If the
two vectors of data which are being considered are 1f

�

 and 2f
�

, their magnitudes are defined, using Equation (2), as s1

and s2, respectively.  The relative magnitude of 1f
�

 with respect to 2f
�

 is then defined as,

2112 ssm = (4)



UCB Subcontract P.O. No. BS0045773 Reprint

177
68th Shock and Vibration Symposium Nov. 3-6, 1997, Hunt Valley, MD.

and conversely the relative magnitude of 2f
�

 with respect to 1f
�

 is defined by,

1221 ssm = (5)

The relative magnitude error, m, between two responses is then defined as the difference between Equations (4) and
(5).  By pre-multiplying these equations by s1/s1 and s2/s2, respectively, the difference between the relative
magnitudes can be written as,

( ) 21
2
2

2
1 ssssm −= (6)

This equation has the very useful attributes of being signed and unbiased towards either response vector.  The
interpretation of m is very straightforward.  Given any two vectors, the absolute value of m is the same regardless of
which vector is 1f

�

, or 2f
�

, and sign of m indicates which vector has the larger magnitude.  In other words, the

absolute value of m is the same for 1f
�

 vs. 2f
�

 and 2f
�

 vs. 1f
�

, and if 0.0≥m  then 21 ff
��

≥ , otherwise, 0.0<m  and

thus 21 ff
��

< .

In order to facilitate the programming of the relative magnitude error measure, it is useful to define the variables,

�
=

=
N

i
iA

1

2
1 )(f (7a)

and

�
=

=
N

i
iB

1

2
2 )(f (7b)

By doing this the relative magnitude error can be efficiently computed as,

( ) ABBAm −= (7)

The relationship between the magnitudes is not enough to fully characterize the error between two responses.
Another mechanism which causes errors between two transient responses is differences in the phasing between the
data.  It is possible that two vectors could be completely out of phase and have the same magnitude.  Therefore, in
order to fully understand the error between two responses, it is also necessary to quantify the difference in phasing
between two transient responses.

Phase Correlation
The basis for the phase error measure is the phase correlation.  The phase correlation is a measure of the temporal
correlation between two vectors, independent of their magnitudes, and is simply defined as the dot product of the
normalized vectors, defined by Equation (3).

21
ˆˆ φφ •=p (8)

The interpretation of p is very straightforward.  Because the magnitudes of 1̂φ  and 2̂φ  are normalized to 1.0, the
value of the phase correlation, p, will range from 1.0 to -1.0.  A value of p = 1.0 corresponds to a direct temporal
correlation between 1f

�

 and 2f
�

, i.e. 21
ˆˆ φφ = , and a value of p = -1.0 corresponds to 1f

�

 being completely out of phase

with 2f
�

, i.e. 21
ˆˆ φφ =− .

By using A and B, Equations (7a) and (7b) and defining the new term,

�
=

=
N

i
iiC

1
21 )(f)(f (9a)
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it can be shown that the phase correlation between vectors, 1f
�

 and 2f
�

,  can be readily computed as,

ABCp = (9)

Equation (9) is a measure of the phasing between two transient response vectors in terms of correlation.  It is not a
measure of the phase error between two transient responses.  In the next section, p will be cast in terms of a phase
error instead of a phase correlation.  This phase error is then combined with a magnitude error to form a single
comprehensive error factor for quantifying the overall error between two functions.

The Magnitude Phase, and Comprehensive Error Factors
In the previous sections measures for the relative magnitude error and the phase correlation between two transient
response vectors, 1f

�

 and 2f
�

, were developed.  In this section these quantities are used to define the magnitude, and
phase error measures.  These are then combined to form the comprehensive error factor.  In order to facilitate this, it
is first necessary to put the phase correlation, p, in terms of a phase error.

Because the phase correlation, p, can be directly equated to the phase shift between two trigonometric functions, the
phase error, εp, is defined as,

( ) πε pp
1cos−= (10)

While the phase correlation measure, p, produced values ranging from -1.0 to 1.0, this equation produces values for
the phase error factor, εp, which range from 0.0 to 1.0.  The physical interpretation of εp is similar to that of p.  Now
a value of εp = 0.0 corresponds to no phase error, i.e. 21

ˆˆ φφ = , and εp = 1.0 corresponds to the data being completely

out of phase for all time, i.e. 21
ˆˆ φφ =− .  A more significant interpretation is the fact that, for sinusoidal functions, the

phase error, εp, is now linearly related to phase angle, specifically, πεφ p±=  radians.

The phase error factor defined by Equation (10) is limited to a maximum of 1.0.  On the other hand, the relative
magnitude error defined in Equation (7) is unbounded.  If the relative magnitude error were to be combined with the
phase error factor, it could quickly dominate a comprehensive error factor.  Therefore, in order to develop a single
comprehensive error measure which is not dominated by either phase or magnitude errors, it is desirable to have the
measure of magnitude error on the same relative scale as the phase error.  To do this it is assumed that an order of
magnitude difference between two functions is approximately equivalent to the worst case phase error, εp = 1.0.   In
addition to having the magnitude error factor on the same scale as the phase error factor, the magnitude error factor
should also be fairly well bounded.  These desirable traits, for a magnitude error factor, are achieved by taking Log10

of m.  In order to maintain the signed unbiased nature of m, the magnitude error factor, εm, is defined as,

( ) ( )mmm += 1Logsign 10ε (11)

The interpretation of this magnitude error factor, εm, is not as intuitive as the phase error factor, εp.  However, it does
have a physical interpretation which is useful.  It can be thought of as the difference in magnitude between two
functions in terms of orders of magnitude.  Specifically, in equation form, 21 10 ss mε≈ .  For example, a magnitude
error value of εm = 1.0 means that 21 10ss ≈ , and a value of εm = 2.0 means that 21 100ss ≈ .

Figures 1 and 2 show how m and εm vary over a wide range of relative magnitudes, m12.  Figure 2 presents the same
information as Figure 1 for relative magnitudes less than 2.0.  Note that in these plots m12= m12, em= εm and the
relative magnitude axis is symmetric about 1.0 and is equally spaced in terms of Log10(m12).  Figure 1 shows that εm
is very well bounded, but not limited, even for large differences in magnitudes between two responses.  The fact that
the magnitude error is not limited to a value facilitates quantifying, and discriminating between, large magnitude
errors. The asymmetric response about a relative magnitude of 1.0 demonstrates that m and εm are not biased towards
either 1f

�

 or 2f
�

, i.e. the absolute values of m and εm are the same for m12 and 1.0/m12, and the sign indicates which
function is larger.  Figures 1 and 2 clearly illustrate that Equation (11) produces a magnitude error measure which
exhibits many desirable traits.
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One desirable trait of the magnitude error measure is that it is of a scale which makes it suitable for combining with
the phase error factor to develop a single comprehensive error factor.  Given the phase and magnitude errors factors,
εp and εm, respectively, a single comprehensive error factor can be simply defined as,

( )22
pmc x εεε += (12)

Given similar scales for εp and εm, the value of x should fall between 0.5 and 1.0.  This scale factor is arbitrary in that
it does not change the form of the comprehensive error measure.  Its merit is in the interpretation of the
comprehensive error measure, relative to the phase and magnitude error measures.  This is even more apparent when
a single acceptance criteria is used for all three error measures.  In order to demonstrate this Figure 3 illustrates three
plausible values for x and how the comprehensive error measure is affected.  This figure shows contours of εc = .5,
for the three cases to be considered for the comprehensive error measure.  In order to show how these contours relate
to the magnitude and phase error measures, εp = εm = .5 is also plotted.

One option for the comprehensive error measure is to use a straight root sum of squares of εp and εm, i.e. x = 1.0.  By
computing the comprehensive error measure this way, the value of εc will never be less than the maximum of εp and
εm.  Therefore, given a single acceptance criteria for εm, εp, and εc, it is possible to pass the criteria for εp and/or εm,
and fail it for the comprehensive error measure.  This option does however have the intuitive benefit in that if one
error measure is 0.0 then the comprehensive error measure is equal to the other, e.g. if εm = 0.0, then εc = εp.
Another option for computing the comprehensive error is to use x = 0.5.  In this case, if the comprehensive error
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Figure 1 - Magnitude Error Measures vs. Large Relative Magnitude.
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measure passes an acceptance criteria, the magnitude and
phase error measures are also guaranteed to pass the same
criteria.  A value of x = 0.5 also has the benefit that it
generally produces results which are approximately the
average of εp and εm.  A significant intuitive benefit of this
is that if εp and εm are approximately equal, εc will be
approximately the same value.  In other words, if pm εε ≈ ,

then the relationship pmc εεε ≈≈  exists. However, by

using x = 0.5, the comprehensive error measure will never
be greater than the maximum of the magnitude and phase
error measures, and there is significant leniency for
acceptance if either the phase or magnitude error measure
has a small value.

Both the x = 1.0 and x = 0.5 options have intuitive benefits
for interpreting the comprehensive error measure.
However, x = 1.0 can be very restrictive, and x = 0.5 can
be too forgiving, if the same acceptance criteria is to be
used for all three error measures.  The third alternative
plotted in Figure 3 is a compromise of these two options
with a mathematical, less intuitive, basis.  In this case, the area of the square created by εp = εm = z is used to
calculate the radius of a circle with the same area.  This results in the value of x = π/4.0.   In this case the
comprehensive error measure can be either greater than or less than the maximum of the phase and magnitude error
measures.  In terms of a single acceptance criteria it has the advantage of being forgiving if one of the error measures
is small, similar to x = 0.5, and at the same time being more restrictive if both the phase and magnitude error
measures are approaching the acceptance criteria, similar to x = 1.0.  It also has the advantage of keeping the
comprehensive error factor, εc, on roughly the same scale as the maximum of the magnitude and phase errors factors
over a broader range, than the x = 1.0 or x = 0.5 options.

This scale factor, x, is arbitrary and there is no absolutely correct value.   Because x does not change the form of the
comprehensive error measure, the only thing that does change is the interpretation of εc relative to εm and εp.
However, given similar scales for εm and εp, x is intuitively bound by 1.0 and 0.5.  Because x = π/4.0 is a
mathematically sound compromise to these intuitive values of 1.0 and 0.5, it will be used for the comprehensive error
measure.  The resulting comprehensive error measure is then defined as,

( )22
pmc εεπε +

4
= (13)

The utility and relationship of this comprehensive error factor and the magnitude and phase errors factors are best
illustrated through the simple examples presented in the next section, and will be further demonstrated in Part II of
this paper.

EXAMPLES OF THE ERROR MEASURES
This section presents the results for a couple of simple examples.  The first example will be used to examine in detail
the relationship between the magnitude, phase, and comprehensive error factors.   To do this a 20Hz sine wave with
an exponential decay is chosen as the base equation, f2(t), and the other equation, f1(t), will vary in magnitude and
phase angle, with respect to f2(t).  The data will be examined over 1.0 second and the example equations are given
as,

)40sin()(f
)40sin()(f

2
1

tt
tat

t
t

e
e

π
φπ

−

−

=
+= 0.10.0 ≤≤ t (14)

Figure 3 - Contours for Various Forms of a
Comprehensive Error Measure, εεεεc = .5.
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Figure 4 shows 0.0 < t < 0.2 seconds for the case for a relative magnitude of a = 0.75 and a phase angle of φ = 0.2,
with the resulting magnitude, phase, and comprehensive error measures, εm, εp and εc, respectively.

Figure 5 is presented to show how the error measures vary as a function of the relative magnitude, a, for a given
phase angle of φ=π/4.  (Similar to Figures 1 and 2, the relative magnitude axis is symmetric about 1.0 and is equally
spaced in terms of Log10(a).)  The plots in this figure show that the phase error factor is not effected by changes in
magnitude.  The comprehensive error measure is also shown to be a good combination of the magnitude and phase

εm= -0.1996, εp = 0.1992, εc = 0.2499
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errors.  Figure 6 shows the magnitude and phase error measures for various relative magnitudes, a.  This figure
demonstrates that, for simple trigonometric functions, the phase error factor, εp,  is independent of the function
magnitudes and is linearly related to the phase angle, specifically, εp =φ/π.  Figure 6 also demonstrates that the
magnitude error factor, εm, is not effected by changes in the phase angle.  The magnitude error measure is also
asymmetric for relative magnitudes of a versus 1/a.  In other words the absolute value is the same and the sign
indicates which response is larger in magnitude, e.g. when )(f)(f 21 tt ≥ , 0.1≥a , εm is positive.  Figure 6 also

illustrates that the comprehensive error factor is not dominated by either the magnitude or phase error factors.

The results of combining the magnitude and phase error measures shown in Figure 6 into the comprehensive error
factor is shown in Figure 7.  In this plot it is clear that the comprehensive error measure is not biased towards either
f1(t) or f2(t) because the value is the same for relative magnitudes of a and 1/a.  In other words the value of the
comprehensive error measure is the same whether it is for computed for f1(t) vs. f2(t) or f2(t) vs. f1(t).

The results for Equation (14), illustrated in Figures 5, 6 and 7, illustrated how the magnitude, phase, and
comprehensive error factors, εm, εp, and εc, respectively, vary for a simple, single frequency, sinusoidal function, as a
function of magnitude, a, and phase angle, φ.  In order to further demonstrate the error measures, Figure 8 presents
two slightly more complicated examples, where the frequencies varies with time.  These two examples show the
effect of using the π/4.0 scale factor in computing the comprehensive error factor.  In the first plot the magnitude
error is small, so the comprehensive error is a little forgiving, i.e. εc < εp.  In the second plot the magnitude and phase
errors are approximately equal.  Consequently, the comprehensive error factor is more restrictive, relative to the

.0

.1

.2

.3

.4

.5

.6

.7

.8

.9
1.0
1.1
1.2
1.3

.0
0

.0
5

.1
0

.1
5

.2
0

.2
5

.3
0

.3
5

.4
0

.4
5

.5
0

.5
5

.6
0

.6
5

.7
0

.7
5

.8
0

.8
5

.9
0

.9
5

1.
00

Phase Angle, φφφφ  ( ππππ)

a = .100
a = .500
a = .800
a = 1.00
a = 1.25
a = 2.00
a = 10.0

Figure 7 - Error Factor Example, Comprehensive Error Measure.

εm= 0.0147, εp = 0.1932, εc = 0.1717 εm= -0.1995, εp = 0.2127, εc = 0.2584

Figure 8 - Additional Examples of the Magnitude Phase and Comprehensive Error Measures.



UCB Subcontract P.O. No. BS0045773 Reprint

183
68th Shock and Vibration Symposium Nov. 3-6, 1997, Hunt Valley, MD.

other error measures, i.e. εc > εm and εc > εp.  If the scale factor was 0.5, the comprehensive errors would have been a
little more forgiving with values of 0.1370 and 0.2062, and for the second plot, pmxc εεε ≈≈= )( 5.0 .  On the other

hand, a scale factor of 1.0 would be more restrictive with values of 0.1938 and 0.2916, and for the first plot
pxc εε ≈= )( 0.1 .

The examples presented in this part of the paper provide a quick glimpse at how the error measures work and the
resulting values.  To further the understanding of these error measures, numerous examples and comparisons to other
error measures are presented in Part II of this paper.

ERROR MEASURES DISCUSSION
In addition to determining if the correlation between two sets of data is acceptable, these error factors can be used to
decipher errors in the data.  Two common discrepancies are incompatible units and different sign convention
between two responses.   Most unit discrepancies are differences in orders of magnitudes. Therefore, this condition is
indicated by integer values for the magnitude error measure.   For example, if the magnitude error factor has a value
of 3.0, 1f

�

 could be in lbs. while 2f
�

 is in kips.  (When looking at acceleration data it is useful to know that an in/sec2

vs. g’s incompatibility has a magnitude error measure value around 2.6)  If there is sign convention discrepancy
between the data sets, a sign reversal of one of the sets of data, the phase error factor will be nearly equal to 1.0.

The phase error factor was derived to be linearly related to the phase angle for simple trigonometric functions.
However, for real data, which may be rich in frequency content, the values for this error measure can be thought of
in terms of a percentage of how much of the time the data is in phase vice out of phase.  Therefore, values around 0.5
phase error factor more likely indicate that the frequency content of two responses are completely different, i.e. in
phase as much as out of phase, rather than indicating a 0.5π phase angle shift.

There has been no discussion as to what is an acceptable level of error between two transient responses.  This is a
very subjective area, and the acceptable values for the error factors will depend on the source of the data being
evaluated, and the intent of the evaluation.  As a general guideline, it is suggested that when the magnitude, phase,
and comprehensive error factors are each less than 0.2 the correlation between the data could be assumed to be
acceptable. For shock test data, which is not from a precision test, it may be more appropriate to use a value 0.25.
However, for  a precision test, a value of 0.2 is probably too forgiving. Figures 4 and 8 presented data with error
measure values around 0.2, and additional examples will be presented in Part II of this paper.  The acceptable level
of error of 0.2 is only a suggestion for general data and an acceptable level must be defined in accordance with the
goals of a specific evaluation.  The discussions and data presented in both parts of this paper should aid the reader in
deciding which level is appropriate for their task.

SUMMARY AND CONCLUSION
This paper presented the development of a magnitude, a phase, and a comprehensive error factor for comparing two
transient responses.  The phase and magnitude error factors were shown to have specific interpretations.  The sign of
the magnitude error factor, εm, indicates which response is larger in magnitude, and is not biased towards either set of
data.  If the magnitude error is positive then the first response history is larger than the second.  The magnitude error
can also be thought of as the difference in magnitude between two functions, in terms of relative orders of
magnitude, and is independent of any phasing between two transient responses.  The phase error factor, εp, is a direct
measure of the temporal correlation between two responses, and is independent of the magnitudes.  A specific
interpretation of the phase error factor is that it is the phase angle between the two functions.  In fact it is exactly
related to the phase angle, φ = εp π radians, for pure sinusoidal functions.

The phase error is, by definition, bound between 0.0 and 1.0, while the magnitude error is not bound.  Even though
the magnitude error is not bound, it will remain relatively small for even very large differences in magnitudes
between responses.  It was developed so that an order of magnitude difference is approximately equal to 1.0, and
therefore equal to the worst phase error.   This puts the magnitude and phase error factors on approximately the same
scale.  The magnitude and phase error factors were then combined to form a comprehensive error factor, εc.  This
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was done in such a manner so as to keep on all three errors factors on roughly the same scale, with a value of 1.0
being considered the worst case.

This paper also presented discussion of the scale factor which should be used for computing the comprehensive error
measure.  Because this scale factor does not change the form of the comprehensive error measure, it is arbitrary and
has no absolutely correct value.  Its utility is in how the comprehensive error measure results are interpreted, relative
to the phase and magnitude error measure results.  The comprehensive scale factor was shown to be intuitively bound
by 0.5 and 1.0, given similar scales for εm and εp.  Because a scale factor of π/4.0 is a mathematically sound
compromise to these intuitive values, it is used for the comprehensive error measure.

Examples were presented to illustrate some of the features of the error factors.  These features include, the fact that
the magnitude error is not affected by phase angle, and the phase error is not affected by the magnitude of the data.
It was also demonstrated that the comprehensive error factor is not dominated by either the magnitude or the phase
error factor, and that the magnitude, phase and comprehensive error factors all remain on the same relative scale, for
data whose magnitudes are within an order of magnitude difference.

It was also suggested that an acceptable limit for all three error factors is 0.2, for general comparisons.  This is only a
suggested value, for general cases, and acceptable levels must be defined in accordance with the goals of a specific
evaluation.  A brief discussion on how the error factors could be used to identify common discrepancies between sets
of  data was also presented.  For example, the phase error factor can be used to identify a sign convention error, and
magnitude error factor can be used identify incompatible units between the sets of data.
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Abstract
Part I of this paper presented the development of magnitude, phase, and comprehensive
error measures.  These error measures can be used to evaluate the differences between two
general functions, or test and analytical data, by providing a robust means for quantifying
the difference in magnitude, the phasing, and overall error between the functions.  This part
of the paper presents a summary of a comprehensive evaluation of these new error measures
and numerous existing error measures that are implemented at Electric Boat Corporation.
(This work was sponsored by the Defense Threat Reduction Agency, under DTRA Contract
No. DTRA001-94-C-004, UCB Subcontract - Purchase Order No. BS0045773.)

INTRODUCTION
Many error factors have been developed over the years for quantifying the error, or correlation, between two points, or
sets of data, typically calculated and measured transient responses.  These evaluations are often referred to as point-to-
point comparisons, although it is probably more appropriate to refer to them as point comparisons.  The interpretation
of these error measures is subjective and in general there are no guidelines for what values constitute good, marginal or
bad correlation.  An acceptable error value depends on the source of the data, the intent of the evaluation and the level
of refinement required by the evaluator or sponsor.  For these reasons, the interpretation of the error measures should
remain somewhat subjective.  However, most engineers do not have a strong understanding of the error factors and
therefore they cannot knowledgeably determine if a correlation is reasonable from the value of the error measure
alone.  This problem is exacerbated by the number of different error measures an engineer is often required to utilize.

This paper presents the results of an extensive evaluation of many error measures, in order to obtain a better
understanding of the various advantages and deficiencies of each measure.  Some of the issues to be examined include;
1) are the results well bounded, 2) is there a intuitive or  physical interpretation, 3) is the degree of error correctly
identified, 4) can the cause of the discrepancy be identified and quantified, and 5) is the single point error measure
suitable for statistical evaluations of the error for multiple points.  One feature of specific interest is the fact that an
error factor may be biased towards one of the responses.  This a result of assuming that one response is 100% correct,
or true, while the other response is the estimation or prediction.  In other words, if one is comparing test and analytical
data, a biased error measure may assume that the test data is 100% correct.  This is usually not the case because there
is generally some level of uncertainty, and error, in test data, which cannot be fully quantified.

These are some of the issues that were considered in developing the new set of error measures presented in Part I of
this paper.  The following section presents this new error measure and the existing error measures to be evaluated in
this part of the paper.  These error measures will be evaluated using numerous examples and case studies.  The case
studies include; 1) examining the form of the error measure by varying the relative magnitude and phasing between
two simple functions, 2) evaluating twenty simple examples 3) an examination of the applicability of the error
measures to statistical evaluations of multiple point systems, and 4) an evaluation of the repeatability, or reliability, of
shock test data.  These comprehensive evaluations will lead to a much better understanding of the advantages and
deficiencies of the various error measures.
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THE ERROR MEASURES
Engineers are often asked to compute Geers’ Magnitude, Phase, and Comprehensive Error Factors[2-5], Whang’s
Inequality Index[4], Zilliacus’ Error Index[4], Theil’s Inequality Coefficient[1,4], the Root-Sum-Square (RSS) Error
Factor[4], and Johansen’s Magnitude and Energy Similarity Factors[5].  Two other error measures, the Correlation and
Regression Coefficients, have also been added to this list.  Table 1 presents the equations for each these error factors,
where c

�

 and 
��

��

m  are the calculated and measured time histories, respectively.  This table also contains the magnitude,
phase and comprehensive error factors that were developed in Part I of this paper.  They will be referred to as the
Russell Error Factors in this paper, where, the magnitude, phase and comprehensive error factors are, εm=RM, εp=RP,
and εc=RC, respectively.  For consistency with the other error measures, they have also been rewritten such that 1f  and

2f  are the calculated, c
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, time histories.

There are a few versions of Geers’ Error Measures, two of which will be examined in this paper.  The first has its
origins in References [2] and [3] and has settled into the form presented in Table 1.  The second version came about
during the development of the SEAWOLF Main Propulsion Unit Comparative Shock Analysis Program (CSA)[5], to
provide additional information for deciphering discrepancies between two responses.  Because there are some
fundamental differences, both of these versions will be considered.  Another set of error measures which were derived
for the CSA program are the Johansen Magnitude and Energy Similarity Factors.  These error measures are unique in
that they use a Singular Value Decomposition (SVD) to evaluate the similarity between two time histories.  They are
found by first computing the SVD of the two transient responses, such that ( ) T][ ODVmc =
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Table 1 - The Error Measures to be Examined.
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provided in Table 1 can be shown to be equivalent to 1-GP, Geers Phase Error, when the average is removed from the
data.  Therefore, for brevity it is only provided for completeness and will not be considered any further in this paper.

It can be seen from Table 1 that there are many error measures for comparing transient responses.  This paper presents
an objective review of the various benefits and deficiencies of these error measures, from the perspective of an end
user.  In the following section the basic form of the error measures will be examined in order to identify any blatant
deficiencies in the various error measures.  This examination will also result in a much stronger understanding of the
applicability of the various error measures.

CASE STUDY 1: THE BASIC FORM OF THE ERROR FACTORS
The basic form of the error measures is examined through the use of a simple example.  Specifically, a  20Hz sine
wave with an exponential decay is used as the measured response, m(t), and the calculated response, c(t), will vary in
relative  magnitude, a, and phase angle, φ.
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The phase angle is varied from 0.0 to π radians, and the relative magnitude, a, will range from 0.1 to 10.0.  This range
covers differences in magnitudes which are larger or smaller by one order of magnitude, and when the data is in phase
to when it is completely out of phase, independent of the magnitude.  In order to facilitate the evaluation of the error
measures over this broad range, the results will be
presented as 3-D surfaces within the volume
illustrated in Figure 1.  Because the relative
magnitude axis is a Log10 scale, an unbiased error
measure will be symmetric about a = 1.0.

The first set of error measures to be examined are
Geers’ Magnitude, Phase and Comprehensive error
measures, GM, GP and GC, respectively.  The form
of these error measures are plotted in Figures 2 and
3.  It can be seen that these error measures provide
smooth results. GP is in the form of 1-cos(φ), is
limited to a range of 0.0 to 2.0, and is independent
of the relative magnitude. GM is also independent of
the phase angle and is biased towards the measured
data.  Due to the bias, GM, and thus GC, favors
under-predicting.  This is demonstrated by the much
larger value obtained when the calculated response
is ten times larger than the measured response,
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Figure 1 - Examine Error Measures as a 3-D Surface
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Figure 2 - Geers’ Magnitude and Phase Error Measures, GM and GP.
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verses when it is ten times smaller, GM=10 vs. GM=-
1, respectively.  Another consequence of the bias is
that GC quickly becomes dominated by GM when
over-predicting, and takes on the form of GP when
under-predicting.  These are not issues that detract
from the usefulness of these error measures, however
they should be recognized and understood.  If there is a
high degree of confidence in the measured response
Geers’ error measures may be appropriate.  These error
measures also have the very beneficial feature of being
able to separately evaluate the magnitude, phase and
overall error between two responses.

The next set of error measures to be examined is the
Geers’ CSA error measures, M, P and C respectively.
In the program CSA program P was modified to have
an absolute in the equation and C was modified to have a sign change when the data is more than 50% out of phase.
[Note: M=GM]  The results for these changed phase and comprehensive error measures are plotted in Figure 4.  P is
now symmetric about, and peaks at φ=π/2, and C is now discontinuous due to a sign change at φ=π/2, indicating when
the data is more than 50% out of phase.  Because of the symmetric form of P, the sign of C is needed to determine if
the phase angle is φ or π-φ, e.g. if C is negative the phase shift is π-φ.  It should also be noted that c(t) = m(t) and c(t)
= -m(t) both yield M=P=C=0.0.  It is also possible that a small negative value for C can be misinterpreted as
reasonable correlation, when in reality the data is almost entirely out of phase.

The next two error measures to be examined in this case study are Whang’s Inequality, WI, and Theil’s Inequality, TI,
error measures.  The results of these two error measures are presented together in Figure 5 because, for simple
equations of this case study, they produce nearly identical results.  Both error measures produce results which are
bound by 0.0 and 1.0 and unbiased, i.e. symmetric with respect to the relative magnitude. These error measures exhibit
a steep gradient near ideal correlation, a=1, φ=0.0.  This is especially true for increases in the phase angle.  Therefore,
these error measures may not be suitable for high frequency response evaluations.  WI and TI also provide no means
for separately evaluating phase and magnitude errors.

Figure 6 presents the form of the Zilliacus Correlation, ZC, error measure and the Root-Sum-Square error, RSS.  They
are presented together because they produce nearly identical results for simple responses.  As with GM and GC, these
error measures are biased towards the measured data.  Contrary to GC, they are sensitive to changes in phase angle
when a > 1.0 and become insensitive to changes in phase error when a < 1.0. There is one very important issue that
must be addressed and understood with the ZC and RSS error measures.  They do not correctly identify the degree of
error.  The minimum value for ZC and RSS is not at a = 1.0, for a given phase angle.  This is illustrated by the curves
sketched in Figure 6.  These curves are the minimum values for a given phase shift.  For example, if φ = .2π, the
minimum value for RSS and ZC is at approximately a = 0.8.

Figure 3 - Geers’ Comprehensive Error Measure, GC.

Geers’ CSA Phase Error Measure, P Geers’ CSA Comprehensive Error Measure, C
Figure 4 - Geers’ CSA Phase and Comprehensive Error Measures.
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The next error measure to be examined is the
Regression Coefficient, RGC. Because RGC is
derived to have a value of 1.0 for perfect
correlation, Figure 7 plots the results in terms of 1-
RGC.  This is done to illustrate the results in a
manner consistent with other error measures.  RGC
has the same problem of not correctly identifying the
error as ZC and RSS, i.e. the minimum error is not
along a=1.0.  In addition to this problem, RGC is
undefined when data is more than 50% out of phase
and/or when a>2.0.  The incorrect identification of
error and the large undefined region greatly reduces
the usefulness of RGC for evaluating transient shock
responses.

The Johansen Magnitude and Energy Similarity Factors, JMS and JES, are the next error measures to be examined.
These error measures are unique in that they utilize a Singular Value Decomposition (SVD) to evaluate the similarity
between two time histories.  The results for these error measures are plotted in Figure 8.  JMS and JES were derived to
be 1.0 at zero error.  Therefore, in order to present them in a form consistent with the other error measures, Figure 8
shows 1.0-JMS and 1.0-JES.  It can be seen in these plots that these error measures have many problems.  The 1.0-JES
measure, has a maximum of 0.5 when a = 1.0 and φ = .5π.  Otherwise, JES produces what would be generally
considered a good value.  The magnitude measure has a more severe problem of a singularity at φ = .5π, when a > 1.0.
The SVD approach shows promise, but in their current state JES and JMS should not be used.

Min, Given φφφφ

Undefined

2

.5
Undefined

Undefined

Figure 7 - Regression Coefficient Error Measure, 1-RGC.

Min, Given φφφφ Min, Given φφφφ

Zilliacus’ Correlation Error Measure, ZC Root-Sum-Square Error Measure, RSS
Figure 6 - Zilliacus’ and Root-Sum-Square Error Measures.

 
Whang’s Inequality Error Measure, WI Theil’s Inequality Error Measure, TI

Figure 5 - Whang’s and Theil’s Inequality Error Measures.
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The final set of error measures to be examined in this case study are the magnitude, phase, and comprehensive error
measures, RM, RP and RC, which were derived in Part I of this paper.  The form these error factors are plotted in
Figures 9 and 10.  It can be seen that these measures provide smooth symmetric results.  RP, is limited to a range of
0.0 to 1.0 and independent of the relative magnitude.  An intuitive benefit of RP is that it is linearly related to the
phase angle, i.e. φ = RPπ.  RM, is signed to indicate which response is larger, and is symmetric, with respect to a vs.
1/a, and is approximately 1.0 for response which differ by one order of magnitude.  This can be interpreted, that being
off by one order of magnitude is equally as bad as being completely out of phase.   This also keeps RM and RP on the

same scale over a very useful range.  Figure 10 shows
how RM and RP combine into a comprehensive error,
RC, which is not dominated by the magnitude or
phase error and is equally sensitive to changes in
either.  RC is also unbiased towards either the
calculated or measured responses.  This new set of
error measures can also be used to independently
evaluate the magnitude, phase and overall error
between two responses.

Figures 2 through 10 presented the basic form of the
error measures in Table 1, by varying the magnitude
and phase shift of a 20Hz sinusoidal response.  These
error measures were shown to have various benefits
and drawbacks.  It was shown that for simple
equations Whang’s Inequality Index and the Zilliacus Figure 10 - Russell’s Comprehensive Error Measure, RC.

Johansen’s Magnitude Similarity Measure, 1-JMS Johansen’s Energy Similarity Measure, 1-JES
Figure 8 - Johansen’s Magnitude and Energy Similarity Measures.

 
Russell’s Magnitude Error Factor, RM Russell’s Phase Error Factor, RP

Figure 9 - Russell’s Magnitude and Phase Error Measures.
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Error Index produce similar results to Theil’s Inequality Coefficient and the Root-Sum-Square Error, respectively.
The fact these redundant error measures are often computed together shows that most engineers do not have a strong
understanding of the error factors.  Other error measures were shown to incorrectly identify/quantify the error between
the responses.  If these error measures are discounted from consideration and one error measure is selected from those
which are similar, e.g. WI vs. TI, the Whang, Geers and Russell error measures are the only remaining candidates for
further consideration in this paper.

In order to further investigate the candidate error factors, twenty simple examples will be evaluated in the following
case study.  This evaluation will serve to calibrate the user to what values to expect for various levels, and types, of
correlation.

CASE STUDY 2: TWENTY SIMPLE EXAMPLES
In this case study the Geers, Russell and Whang error measures will be examined by looking at the error between
twenty simple measured and calculated responses. This case study will also look at how the error measure results are
effected by: 1) changing the sign of the calculated response, 2) swapping the calculated and measured responses and 3)
zero meaning the data.  The example equations for this case study include the 18 examples from References [2-4], with
some minor changes to maintain consistency and two new examples with slightly more complicated responses.  The
equations for the examples are listed in Table 2, and the appendix contains the corresponding plots with the error
measure results.  In all cases 2001 data points and a time range of 0.0 to 2.0 seconds was used, unless otherwise
specified.

The first part of this case study is to calculate the error
measures for all the measured verses calculated responses.
The results for these m(t) vs. c(t) calculations are
provided with the plots in the appendix.  The utility of
having a set of numbers to quantify the magnitude, phase,
and overall error for the Geers and Russell error measures
is clearly demonstrated.  GM and RM are signed to
indicate which response has the larger magnitude.  This
means that GM and RM are positive when over-
predicting, and are negative when under-predicting.  GP
and RP also do a good job at quantifying the phase error
between the responses.  Because RP is linearly related to
the phase shift, it is more sensitive to changes in small and
large differences in phasing, and less sensitive in the
middle range, compared to the 1-cos(φ) results of GP.

Overall GC, RC and WI seem to produce reasonable
results.  However, there are a few comparisons that
warrant a closer look.  Consider Examples 18 and 19,
where WI has values of .3742 and .3738, respectively.
By looking at the plots of these examples, one would not
visually conclude that the error is the same between these
two plots. This situation arises because WI is very
sensitive to phase errors.  This is not a serious issue, but it
shows that the expected frequency content of the
responses needs to be considered when selecting an
appropriate error measure.

The next part of this case study examines the symmetric
nature of the error measures by swapping the calculated
and measured responses and recomputing the error
measures, c(t) vs. m(t).  This is done to look at how the error measure values change with a change in reference.  In
this case it can be shown that RM changes sign to indicate which response is larger in magnitude, while GP, RP, RC,
and WI remain unchanged.  This is because these error measures are independent of the relative magnitudes and/or are
symmetric, or unbiased towards either response.  Swapping the calculated and measured responses also demonstrates

Ex. Equation
m(t) = e^(-t) Sin( 2 π t )

1 c(t) = .8 e^(-t/.8) Sin( 2 π t )
2 c(t) = e^(-t) Sin( 1.6 π t )
3 c(t) = 1.2 e^(-t/1.2) Sin( 1.6 π t )
4 c(t) = .4 e^(-t/1.2) Sin( 1.6 π t )
5 c(t) = .5 e^(-t) Sin( 1.6 π t )
6 c(t) = .6 e^(-t/1.2) Sin( 1.6 π t )
7 c(t) = e^(-t) Sin( 2 π t ) + .1 e^(-t) Sin( 30 π t )
8 c(t) = e^(-t) Sin( 2 π t ) + .3 e^(-t) Sin( 30 π t )

m(t) = 1 - e^(-t/.8) Cos( 10 π t )
9 c(t) = 1 - e^(-t/.5) Cos( 5 π t )

10 Example 9: t = 0.0 to 1.0 sec.
11 Example 9: t = 1.0 to 2.0 sec.

m(t) = 1 - e^(-t/.1) - .6 e^(-t/.4) Sin(5πt) + .01 Sin(200πt)
12 c(t) = 1 - e^(-t/.1) - .6 e^(-t/.3) Sin(5 π t)
13 c(t) = 1 - e^(-t/.1) - .6 e^(-t/.4) Sin(4 π t)
14 c(t) = .6 - .6 e^(-t/.1) - .8 e^(-t/.3) Sin(4 π t)
15 c(t) = .6 - .6 e^(-t/.3) - .3 e^(-t/.5) Sin(3 π t)
16 c(t) = .3 - .3 e^(-t/.3)- .2 e^(-t/.5) Sin(3 π t)
17 c(t) = 1 - e^(-t/.1)- .5 e^(-t/.4) Sin(5 π t) - .25 t
18 c(t) = 1 - e^(-t/.1)- .6 e^(-t/.4) Sin(4 π t) - .5 t

m(t) = Sin( 3 π t1/2 ) Cos( 1.1 π t2 ) e^(-t2)
19 c(t) = Sin( 3.3 π t1/2 ) Cos( π t2 ) e^(-t2)

m(t) = 1.5 Sin( 4.35 e^(-.12t) π t ) Sin( π t/2 ) e^(-t)
20 c(t) = 2.0 Sin( 5 e^(-.2t) π t ) Sin( π t/2 ) e^(-t)

Table 2 - Error Measures Example Equations.
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that there can be a significant change in the value of GM, and thus GC.  To illustrate this, the values of GM and GC for
c(t) vs. m(t) are also provided in the appendix for Examples 1, 3-6, 17, 18, and 20.  These results show how GM and
GC can be considered to be biased towards under-predicting the response.  To demonstrate this, consider Example 1.
For this example GC=.2852 and GC=.3990 when under-predicting, and over-predicting, respectively.  This is a
significant change that must be considered when using Geers error measures.

The next variation to be examined in this case study is a sign change of the calculate response, i.e. c(t)-=-c(t), to
simulate data which has good magnitude correlation but is 180 degrees out of phase.  In this situation GM and RM are
not effected by the change phasing, and the results for GP, RP, and WI are presented for Examples 2, 7 and 8 in the
appendix.  This out of phase situation shows that WI has values near 1.0 and is insensitive when phase correlation is
bad. GP and RP approach their maximum values, 2.0 and 1.0, respectively, and have the algebraic relationship GP-=2-
GP and RP-=1-RP for a sign convention error.   This makes it possible to conclude that there may be a sign convention
error in the data and infer the correct phase error values.

The final part of this case study is to examine the effects of removing the mean, average, from the data on the error
measure results.  [It is suggested that the removed means should be evaluated separately.]  This practice can have a
significant effect on data which is generally one sided. The results for Examples 9-16 and 19 are presented in the
appendix for this evaluation.  The error measures for the other examples are essentially unchanged, while these
examples, which are inherently one sided, have the potential to show a significant change in the error measures.  The
results of this evaluation showed that truly good or bad correlations still yield good and bad values, respectively.
Examples 12 and 16 illustrate this fact.  More importantly, measures that were previously considered to be good are
more appropriately identified as bad, as in Examples 9, 10 and 11.  This is because the oscillatory amplitudes and
phasing can be more easily identified and
quantified by the error measures.  Figure 11
shows Example 14 with the mean of the data
and the theoretical long-term values removed.
For this example, the Geers and Russell error
factors are essentially unchanged whether the
mean or the theoretical late time values are
removed from the data, and WI increases
significantly, from .2618 to .3266 due to its
sensitivity to phase errors.

This case study looked at 20 simple examples
and examined the effects of: 1) changing the
sign of the calculated response, 2) swapping of the calculated and measured responses and 3) zero meaning the data,
on the error measures.  The benefit of having separate error measures for the magnitude, phase and overall error was
demonstrated.  The utility of removing response from the data, in order to get an accurate evaluation of the error, was
also shown.  The next case study will use these same examples and evaluate the applicability of the error measures to
statistical evaluations of multiple point systems.

CASE STUDY 3: MULTIPLE POINT STATISTICAL EVALUATIONS
In this case study the Geers, Russell and Whang error measures will be examined for their applicability to statistical
evaluations of multiple point systems.  When error measures are computed for multiple points, inevitably someone will
want to know the average error, in order to quantify the overall correlation.  To evaluate the applicability of this
statistical evaluation, the average and standard deviation, of the error factors, will be computed for the 20 examples
from Case Study 2.  In addition to looking at the average and standard deviation of the original set of examples, m(t)
vs. c(t), three additional evaluations will be performed for cases where, the magnitude, phase, and both, are known to
be uncorrelated.   Phase data is uncorrelated when the data is in phase as often as it is out of phase across all the points.
This condition can be simulated by taking the set of measured and calculated responses to be [M,M] and   [C,-C],
respectively, where, M and C are the original sets measured and calculated responses, respectively.  Similarly, the
magnitudes can be made to be uncorrelated if the set of measured and calculated responses are taken to be [M,C]  and
[C,M], respectively.  Doing this ensures equal amounts of over and under-predictions across all the data points.  For
the final statistical case, the sets of measured and calculated responses are defined to be [M,C,M,C] and [C,M,    -C,-
M], respectively.  This guarantees that the set of responses is uncorrelated with respect to phase and magnitude.

Figure 11 - Example 14 with the Mean Removed.
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The results of computing the average and standard deviation of the error measures for each of the four sets of
responses are listed in Table 3.  This table shows that GM and RM are not changed when phase is uncorrelated, and
that GP and RP are not changed by uncorrelating the magnitude response.  This further demonstrates the utility of
separate measures for the phase and magnitude errors.  The fact that GM is positive when the magnitudes of the points
are uncorrelated, indicates that it is biased towards under-predicting.  In other words, if the average is 0.0 the
calculation may be under-predicting overall system response.  Therefore GM, and thus GC, are unsuitable for this type
of statistical evaluation.  On the other hand, the average of RM is appropriately 0.0, and the standard deviation can be
used to indicate the spread in the predictions.  The average for GP and RP have the correct theoretical values of 1.0
and 0.5, respectively, when the phase is uncorrelated.  The unbiased nature of WI and RC is demonstrated by the fact
that the average does not change when the magnitudes are uncorrelated.  (They are interpreted as a measure of the
absolute error.)  They also correctly indicate an increase in the overall error when the phasing is uncorrelated.  This
case study shows that, of those considered in this paper, the Whang and Russell error factors are the only error
measures which are suitable for statistical evaluations of multi-point systems.

CASE STUDY 4: SHOCK TEST DATA REPEATABILITY/RELIABILITY
During a recent under water explosion (UNDEX) shock test series against a large scale submerged vehicle there were
two identical shots.  This data afforded the opportunity to evaluate the repeatability and reliability of UNDEX shock
test data.  The goal of this case is to assess the repeatability of the measured responses as a function of the whole shock
event, and calibrate what would be considered an excellent correlation for the error factors.  It must be noted that the
test data repeatability is a function of numerous variables, not just gauge precision.  This includes the variability of the
charge, the tolerance of the charge locations and numerous other test set-up and environmental factors.  This section
summarizes the results of this case study and is provided to give guidance in evaluating the error between a shock test
and the predicted response.

The first part of this case study was a visual examination of the gauge data which was available from both shock tests.
Each response was examined independent of the other responses to eliminate obviously anomalous gauges from
consideration.  This resulted in a set of 186 gauges, which included; 16 pressures, 36 strains, 13 displacements, 48
velocities, and 73 accelerations.  In addition to evaluating the raw gauge response, simple data processing was
examined to see the effects on the correlation.  This included looking at filtering, differentiation, integration, and the
removal of linear trends, drifts and offsets, in the data.  Table 4 presents the average and standard deviation of the
Russell and Whang error factors for the raw and processed data.  For consistency, the processed data is for the drift
corrected evaluation, where the linear trends were removed.  The only exception to this is that the acceleration data
was also integrated into velocities.

The results presented in Table 4 show that raw shock test data, from two identical tests, is not necessarily repeatable.
This is especially true for the velocity meters and accelerations.  However, the correlation is improved through simple
data conditioning.  By removing linear trends, errors due to gauge drift is minimized, and the distinction between
phase and magnitude errors is maximized.  Filtering to an appropriate level can also improve correlation for high
frequency data.  For a test vs. analysis correlation, it would be appropriate to filter the test and analysis data to match
the fidelity of the analytical model.  For high frequency accelerations, it is suggested that the data should be integrated
into velocities before calculating the error factors.   This lowers the frequency content and thus tends to improves
phase correlation, which leads to an improvement in the overall correlation.

Statistical Evaluation Case
Error Original Phase Magnitude Phase & Magnitude

Measure Average Sdev Average Sdev Average Sdev Average Sdev
GM -.1761 .2987 -.1761 .2949 .1348 .6402 .1328 .6331
GP .1011 .1104 1.0000 .9169 .1011 .1090 1.0000 .9111
GC .2941 .2318 1.1116 .8473 .4203 .5193 1.2059 .8906
RM -.1504 .2366 -.1504 .2335 .0000 .2788 .0000 .2771
RP .1193 .0861 .5000 .3948 .1193 .0850 .5000 .3923
RC .2279 .1600 .5222 .3244 .2279 .1580 .5222 .3223
WI .2781 .1795 .6227 .3727 .2781 .1771 .6227 .3703

Table 3 - Statistical Evaluations of the Error Measure Results.
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This case study was presented to give guidance as to what could be considered a good test vs. analysis correlation. In
reality this correlation will also be effected by numerous other considerations, including the accuracy of the analytical
tools. Table 4 can be used as a guide for what an excellent error measure value would be for an UNDEX shock event.
The need for appropriate data processing was also demonstrated in this case study.  This also demonstrates the need
for a robust, unbiased error measure, because shock test data cannot be considered 100% accurate.

SUMMARY AND CONCLUSION
There are numerous error measures available for evaluating transient responses, each with their own merits and
deficiencies.  Part I of this paper presented the derivation of a new set of unbiased, robust, error measures for
quantifying the magnitude, phase, and overall error between two responses.  This part of the paper presented a
comprehensive evaluation of these new error measures and many commonly used error measures, in order to gain a
much better understanding of their advantages and deficiencies.

Through an extensive case study, which looked at the form of the error measures, it was shown that some are very
similar while others were shown to incorrectly identify the error.  As a result of this extensive examination of the form
of the error measures, this study showed that the Geers, Whang, and Russell error factors are the recommended
candidate error measures.  It was also shown that the Geers Magnitude, and Comprehensive error measures should be
used with an understanding that they are biased towards under-predicting the response.  Due to this bias they may not
suitable for statistical evaluations of multiple point systems.  If there is a very high degree of confidence in the test data
then the Geers error factors may be the appropriate choice.  However, it was shown that shock test data cannot be
assumed 100% correct, and therefore an unbiased error may not be appropriate for transient shock data correlation
efforts.  It was also demonstrated that the Whang Inequality Factor is very sensitive to phase errors and therefore may
only appropriate for one sided or low frequency responses.

Overall, the new set of Russell Magnitude, Phase, and Comprehensive error factors was shown to have advantages
over the error measures presented in this paper.  These new error factors were shown to provide a robust means for
quantifying the phasing, the difference in magnitude, and overall error between two responses.  They are unbiased, and
thus are suitable for statistical evaluations of multiple points.
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Error Measure
Response Data RM RP RC WI

Type Condition Average Sdev Average Sdev Average Sdev Average Sdev
Pressure Raw -.0197 .0587 .1352 .0298 .1295 .0343 .1981 .0884

(16) Corrected -.0215 .0577 .1346 .0333 .1283 .0385 .2121 .0478

Strain Raw .0223 .0424 .1480 .0395 .1373 .0367 .2697 .0779
(36) Corrected .0269 .0409 .1451 .0400 .1351 .0371 .2588 .0715

Displacement Raw .0298 .1252 .1159 .0782 .1428 .0849 .2034 .1363
(13) Corrected .0245 .1083 .1176 .0741 .1349 .0780 .2050 .1288

Velocity Raw -.0978 .2470 .2004 .2022 .2694 .2140 .3426 .2899
(48) Corrected -.0202 .1113 .2119 .0715 .2071 .0780 .3744 .1203

Acceleration Raw .0587 .0985 .3265 .1042 .3033 .1026 .4858 .1398
(73) Integrated .0107 .0591 .0957 .0697 .0942 .0704 .1591 .1168

All Raw .0025 .1579 .2283 .1493 .2363 .1487 .3625 .2094
(186) Processed .0003 .0984 .1357 .0866 .1385 .0936 .2323 .1511

Table 4 - UNDEX Shock Test Data Repeatability Study Results.
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APPENDIX - ERROR MEASURE EXAMPLE PLOTS AND RESULTS

  
m(t) vs. c(t) GM = -.2852 GP = .0044 GC = .2852 m(t) vs. c(t) GM = -.0089 GP = .2586 GC = .2588

WI = .1921 RM = -.2264 RP = .0298 RC = .2037 WI = .3876 RM = -.0077 RP = .2342 RC = .2076
c(t) vs. m(t) GM = .3890 GC = .3990 m(t) vs. -c(t) GP = 1.7414 RP = .7658 WI = .8657
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m(t) vs. c(t) GM = .2973 GP = .2857 GC = .4123 m(t) vs. c(t) GM = -.5676 GP = .2857 GC = .6355

WI = .4191 RM = .1837 RP = .2468 RC = .2726 WI = .5720 RM = -.4594 RP = .2468 RC = .4622
c(t) vs. m(t) GM = -.2291 GC = .3663 c(t) vs. m(t) GM = 1.3126 GC =1.3433

  
m(t) vs. c(t) GM = -.6426 GP = .0044 GC = .6426 m(t) vs. c(t) GM = -.3514 GP = .2857 GC = .4529

WI = .4938 RM = -.5366 RP = .0298 RC = .4763 WI = .4727 RM = -.2772 RP = .2468 RC = .3289
c(t) vs. m(t) GM = 1.7980 GC =1.7980 c(t) vs. m(t) GM = .5417 GC = .6125

   
m(t) vs. c(t) GM = .0051 GP = .0051 GC = .0072 m(t) vs. c(t) GM = .0452 GP = .0432 GC = .0625

WI = .0501 RM = .0044 RP = .0321 RC = .0283 WI = .1491 RM = .0368 RP = .0939 RC = .0893
m(t) vs. -c(t) GP = 1.9949 RP = .9679 WI =1.0000 m(t) vs. -c(t) GP =1.9568 RP = .9061 WI =1.0000
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Example 9
m(t) vs. c(t) GM = -.0196 GP = .0722 GC = .0748

WI = .1324 RM = -.0169 RP = .1217 RC = .1089
m(t)0 vs. c(t)0 GM = -.2008 GP = .9528 GC = .9737

WI = .6754 RM = -.1620 RP = .4850 RC = .4531

Example 10 - t = 0.0 to 1.0 seconds
m(t) vs. c(t) GM = -.0324 GP = .1279 GC = .1320

WI = .2111 RM = -.0277 RP = .1628 RC = .1463
m(t)0 vs. c(t)0 GM = -.1766 GP = .9502 GC = .9665

WI = .6550 RM = -.1434 RP = .4842 RC = .4475

Example 11 - t = 0.0 to 1.0 seconds
m(t) vs. c(t) GM = -.0048 GP = .0089 GC = .0101

WI = .0542 RM = -.0041 RP = .0425 RC = .0378
m(t)0 vs. c(t)0 GM = -.6111 GP =1.0498 GC =1.2147

WI = .7670 RM = -.5027 RP = .5159 RC = .6384

Example 12
m(t) vs. c(t) GM = -.0029 GP = .0004 GC = .0029

WI = .0108 RM = -.0025 RP = .0087 RC = .0080
m(t)0 vs. c(t)0 GM = -.0485 GP = .0047 GC = .0487

WI = .0721 RM = -.0412 RP = .0309 RC = .0456

   
m(t) vs. c(t) GM = -.0045 GP = .0055 GC = .0071 m(t) vs. c(t) GM = -.3970 GP = .0158 GC = .3973

WI = .0375 RM = -.0039 RP = .0334 RC = .0268 WI = .2626 RM = -.3129 RP = .0567 RC = .2818
m(t)0 vs. c(t)0 GM = -.0022 GP = .0830 GC = .0830 m(t)0 vs. c(t)0 GM = -.1361 GP = .0942 GC = .1655

WI = .2373 RM = -.0019 RP = .1306 RC = .1157 WI = .2618 RM = -.1118 RP = .1392 RC = .1583
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m(t) vs. c(t) GM = -.4500 GP = .0297 GC = .4509 m(t) vs. c(t) GM = -.7235 GP = .0387 GC = .7245

WI = .3052 RM = -.3556 RP = .0778 RC = .3226 WI = .5805 RM = -.6375 RP = .0888 RC = .5704
m(t)0 vs. c(t)0 GM = -.2358 GP = .2627 GC = .3530 m(t)0 vs. c(t)0 GM = -.5778 GP = .2806 GC = .6423

WI = .3769 RM = -.1887 RP = .2361 RC = .2679 WI = .4777 RM = -.4693 RP = .2444 RC = .4689

     
m(t) vs. c(t) GM = -.2579 GP = .0161 GC = .2584 m(t) vs. c(t) GM = -.4716 GP = .1399 GC = .4919

WI = .1565 RM = -.2056 RP = .0571 RC = .1891 WI = .3742 RM = -.3737 RP = .1704 RC = .3640
c(t) vs. m(t) GM = .3475 GC = .3478 c(t) vs. m(t) GM = .8926 GC = .9035

 
m(t) vs. c(t) GM = .0174 GP = .1785 GC = .1793 m(t) vs. c(t) GM = .3332 GP = .2151 GC = .3966

WI = .3738 RM = .0147 RP = .1932 RC = .1717 WI = .3271 RM = .1995 RP = .2127 RC = .2584
m(t)0 vs. c(t)0 GM = .0454 GP = .1363 GC = .1437 c(t) vs. m(t) GM =-.2499 GC = .3297

WI = .3207 RM = .0370 RP = .1681 RC = .1526
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